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Let G be a finite group admitting a fixed-point-free automorphism f 
of order 2p for a prime p. In [2] we proved that G is solvable if C,#) contains 
a 2-Sylow subgroup of G or if C&f p is a 2-group. In this note we prove the ) 
following consequence of these theorems. 
THEOREM. Let G be aJinitegroup admitting afixed-point-free autotnorphism 
f of order 2p for p a prime and such that the q-Sylow subgroups are Abelian 
for each prime q dividing the order of C&“). Then G is solvable. 
In Section 2 we prove some properties of solvable groups admitting a 
fixed-point-free automorphism of order 2~; in Section 3 we consider 
“minimal” nonsolvable groups admitting a fixed-point-free automorphism 
of order 2p without using the hypothesis of the Theorem. 
We use the same notations as in [2]; all groups considered are finite. 
1. COMPLEMENTS 0F f+mmouPs 
LEMMA 1.1. If x is a q-element of a group G for a prime q and if N is a 
normal q’-subgroup of G, then 
Wx)NIN = CG/N(XN/N). 
Proof. (x} = Q is a q-Sylow subgroup of NQ. Hence 
QNnQG =QN. 
Therefore 
I GG I = CG : NdQ)l = I (QWYG’” I I Q” I. 
Now, the statement follows from NN(Q) = C,(X). 
1 This research was supported in part by the European Research Office, U.S. Depart- 
ment of the Army. 
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DEFINITION 1.2. If f is an automorphism of agroup G and sf U is a subgroup 
of G normalized by f, then U is a f-subgroup of G. If f operatesfixed-point-free 
on G then UC contains at most one f-subgroup of G; sf q is a prime f normalizes 
exactly one q-Sylow subgroup S,,o of G. 
LEMMA 1.3. Let r, q, s, p be primes. Let G be a [r, q]-group such R = Sr,o 
is normal in G. Assume that G admits a $xed-point-free automorphism f of 
order sp for p # s such that 
(i) R = (R{fp} n D} n G and r # q, for D = (fP)G, and 
(ii) s = 2 or r #p. 
Then G is nilpotent if and only if Se,o centralizes C#). 
Proof. Set Q = S,,a . If G is nilpotent the statement is trivial. Assume 
that G has minimal order such that Lemma 1.3 is false. 
(1.1) If M is a minimal normal f-subgroup of G then MC R. 
Proof. If (1.1) is false M is a q-group. Since R is normal in G the minimality 
of M implies that M is contained in Z(G). Because of 
CdfYWM - G(f”>, 
G/M satisfies the hypothesis. The minimality of G implies that G/M is 
nilpotent. This contradiction proves (1.1). 
(1.2) QR/R is a minimal normal subgroup of G{f}/R and R > Co(R). 
Proof. Let M be a minimal f-subgroup of Q. If M # Q then RM C G. 
The minimality of G implies MC Z(RM). Hence (1.2) is a consequence 
of (1.1). 
(1.3) r =p. 
Proof. Assume r # p. Let M be a minimal normal f-subgroup of G. 
Then Lemma 1 .I implies 
G(PW/M = CimdfWW 
Hence G/M satisfies the hypothesis and G/M is nilpotent. Assume R = M. 
Then R is Abelian; (i) implies 
R = {(jr)“} n G. 
Therefore C,(f”) = 1. Hence (1.2) implies Q = C&f”) since fP does not 
operate fixed-point-free on G. Since C,(y) is a normal f-subgroup of G 
by hypothesis we get 
C,(f”) = R or c,(p) = 1. 
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The first case is impossible because of the minimality of G; the second case 
implies Co(fs) = 1 since Q is contained in C&p); the theorem of J. G. 
Thompson implies that G is nilpotent in that case. This contradiction 
proves MC R. Since M is minimal we get M c Z(R). Since G/M is nil- 
potent 
M ={QG)n R. 
The minimality of G implies that MQ does not satisfy the hypothesis. 
Because of 
we get 
C.&f9 C z(CdP), Qh 
{(f”)“} n MC M. 
The minima& of M implies together with MC Z(R) 
C,(f) = 1 or CM@) = M. 
In the latter case, C,cf”) = 1 and M = M n ((fpt”}. Hence C,cf”) = 1. 
Because of (1.2), 
cQcf") = 8 and cQ(f”) = 1. 
Since M is contained in the Frattini subgroup of R we get from (i) that G 
is nilpotent. This contradiction proves (1.3). 
(1.4) Q = G(P) and R’ = 1. 
Proof. Because of (1.3) and (ii), f p is an involution. (1.3) implies that f2 
centralizes an element (# 1) of C&p) if and only if C&p) # 1. Hence 
C’,(p) = 1. Because of (1.2), Q C Co@). 
(1.5) If U # G is a f-subgroup of G then U is nilpotent. 
Proof. Because of (1.4), U satisfies the hypothesis. Therefore (1.5) is 
a consequence of the minimality of G. 
(1.6) R is homocyclic and R” # 1. 
Proof. If R* = 1, R is a vector space and the theorem of Maschke implies 
R = Nit(Q) @ (R n{Q’>>. 
Now, (1.5) implies 
1 = NR(Q) 1 C,z(f”), 
which is impossible because of (1.3). 
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Assume that R is not homocyclic. Because of (1.5), Cc(Q) contains the 
Frattini subgroup F of R. Application of (1.5) shows F = NR(Q). By assump- 
tion, 
R(P’“) = 1 and R(p”-‘) # 1 
for some integer n. Let N be the maximal subgroup of R of exponent pn-l. 
Then N is contained in F because of (1.5). On the other hand, (I .6) implies 
that N is not contained in F. 
Now we can finish the proof. Because of (1.5), Q centralizes Rp. Since 
RP # 1, by (1.6) we get that Q centralizes A. This contradiction proves 
Lemma 1.3. 
2. SOLVABLE f-GROUPS 
We assume in this section that G is a group admitting a fixed-point-free 
automorphism f of order 2p for an odd prime p. 
DEFINITION 2.1. Set d = f” and 12 =f”. Let H = G(f) be the extension 
of G with f in the holomorph of G. Set D = dG and K = kc. Let A be an 
f-subgroup of G. If A is solvable and if u is a set of primes then S,,, is the a-Hall 
f-subgroup of A. Let ‘3X(A) be th e maximal normal 2-subgroup of A n {d*}. Set 
6A = {CA(d)> (‘%.A)? a E A and (Ss,Ayd = (Sa,A)O}. 
If A is solvable then B(A) = S’z,,c,cmcA,> . Set Z(A) = {dsa**) n &,A 
LEMMA 2.2. If G is solvable the following statements hold: 
(2.a) G = ({D} n G)Q . 
(2.b) If R is a 2-Sylow subgroup of {D} then 
(2.~) D is a class of conjugate elements of (0, SzsG). 
(2.d) D n {d&o = dsl.o . 
(2.e) If S and S* are different 2-Sylow subgroups of G(d) then 
SnS*nD=%. 
(2.f) Co is nilpotent. 
This Lemma was proved in [I, Lemma 3.41. 
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LEMMA 2.3. If G is solvable the following statements hold: 
(2.g) l(K) n G : C~K~,GWW)I G a POW@ of 2. 
(2.h) b(G) and a(G) are normal subgroups of G. 
(24 G = (B(G) O~WG))NG(S~,G). 
(2 j> m(G) = {P(G)) NG(sa.G)) = ~(NG(s,,,)). 
(2.k) NG(Z(G)) = WG%G - 
Proof. set 8 = 6;2,C, M = tLR(G), V = B(G), T = Z(G). Let G be a 
group of minimal order such that (2.g) is false. If {D} is a 2-group (2.~) 
implies G = &o which is impossible because of (2.f). Hence 
(2.1) {D} is not a 2-group. 
Set W = {K} n G. Then S C W since k operates fixed-point-free on S. 
Let N be a minimal normal subgroup of H which is not contained in M. 
Then N n M = 1. Because of the definition of M, (2.1) and (2.b), M is the 
intersection of the 2-Sylow subgroups of {D}. Hence 
MN/N = !UI(G/N). 
The minimality of G implies that [WN/N:C,,,(MN/N)] is a power of 2. 
Let q be an odd prime. Then M n N = 1 implies that S,,, centralizes M. 
This contradiction proves 
(2.2) If N is a minimal normal subgroup of H then NC M. Because of 
(2.c), (2.b), and (2.f), G/M is 2’-closed. Hence (2.2) implies 
(2.3) Co(d) is a 2-group and L = Szl,o is Abelian. 
Let q #p be an odd prime. Since S,,o is Abelian we get 
S,,o C Co(k) or F = {ksq, G} is a Frobenius group. 
In the latter case MF is nilpotent because of the theorem of J. G. Thompson. 
Therefore (2.2) implies 
Cc(k)2 %,L . 
Hence (K} is a [2,p]-group. The minimality of G implies 
(2.4) G = 8 * A!$, and L is a p-group which is not contained in Co(k). 
Assume that {D} n G is a proper subgroup of G. Since L is contained in {D) 
the minima&y of G and (2.2) imply 
!lJl({D} n G) = 1, 
and d centralizes M. Then L is normal in G. Hence 
(2.5) {D) n G = G. 
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Let N be a minimal normal subgroup of H. Assume M # N. Then N is a 
proper subgroup of M by (2.2). Set A = {KL} n G. The minimality of G 
implies that A induces trivial automorphisms of M/N. The minimality of N 
implies together with (2.5) 
{AC} = NA C NL 
and NL contains no minimal normal subgroup of odd order. Therefore the 
minimality of G implies NC Go(d). Hence N c 2((D)) which contradicts 
(2.2). Therefore M is a minimal normal subgroup of H. Since L is not 
contained in co(k) there is an element t # k in C,(k). Hence {t, k} has order 
p2 and {t, k} n L is normalized by d. Therefore {t, k} is normalized by f. 
Since L(k) is not Abelian there is an element w in N+l({t, k}) which does not 
commute with k. The minimality of G implies 
H = M{t, k}(w)(d). 
Since {t, k} contains p + 1 subgroups of order p we get that M(t, k} is a 
Frobenius group or CM({t, k} n L) f 1. The first case is impossible (see 
[I, Satz 4.11). Hence 
M#({t,k}nL)MnM=B 
and B is a normal subgroup of G contained in M. Hence B = 1 which is 
impossible because of Cc(M) = M. This contradiction proves (2.g). 
Let G be a group of minimal order such that (2.h) is false. If M = 1 
then V is the 2’-Hall f-subgroup of G; since G/(G n {D}) is nilpotent G is 
2’-closed. Hence M # 1 and M is normal in G by (2.b). Let N be a minimal 
normal subgroup of H. If N has odd order N is contained in I’. The minimal- 
ity of G implies that %(G/N) is normal in G/N. But N is contained in V and 
hence B(G/N) = V/N. Therefore N has even order and Ct,),,(M) is 
contained in M. If (D} is a 2-group then G = KG which is impossible because 
of (2.f). Therefore V n {D) = 1. On the other hand, 
G = ({K} n G)({D) n G). 
Because of (2.g), V contains the 2’-Hall f-subgroup L of (K) n G. Hence 
((K} n G) n ((D) n G) = M. 
The minimality of G implies that L is normal in G since {K} n G contains 
S. Hence L = 1 and {K) n G = S. Now, G is 2-closed and V is contained 
in {D} since {D} contains a 2’-Hall subgroup of G. This contradiction proves 
(h). Of course, W = V @ M is normal in G. Since {K) contains S we get 
G =({K)n G)NG(S). 
FINITE GROUPS 31 
(2.g) and (2.h) imply that {K} n G is 2’-closed. Hence 
{K) n G = ({K) n V)S. 
Therefore (2.i) is true. 
Because of [2, Lemma 1.11, M is the normal closure of T in {D}. Hence 
(2.d) implies 
M = {({ds) n G)G). 
Because of (2.i) 
M = (TNc(S)}. 
Application of [2, Lemma 1.11 shows that W(NG(S)) is the normal closure 
of T in NG(S). Hence (2.j) is true. 
Let G be a group of minimal order such that (2.k) is false. Since (2.h) 
implies that V is the maximal normal subgroup of G of odd order the minimal- 
ity of G implies V = 1. Hence 
(K}nG=S 
by (2.g). Since S normalizes T the minimality of G implies 
N,(T) = S - U, l#[U[ =l(mod2). 
If S * U is a proper subgroup of G the minimality of G implies 
U C C,(T) and UC %(N,(T)). 
Since G/S is Abelian, (2.h) implies UC V. Hence 
G=S.U and T = M. 
Let NC M be a minimal normal subgroup of H. Then 
Z(G/N) = !JJl(G/N) = M/N. 
The minimality of G implies 
(Us> = N- U ={U”). 
Since G is 2-closed, NC Z(S). The Frattini argument shows 
G=N-N,(U)=N-U-N,(U). 
Therefore W = N,(U) is a normal f-subgroup of G. Because of T = M, 
we get W # 1. Hence 
W* = WnZ(S{d})#l = W*nM. 
Hence Z(G/W*) = TW*IW*. 
This contradiction proves Lemma 2.3, 
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Remark 2.4. Let G be a solvable group. (2.h) and the definition of m(G) 
imp1 y 
(2.1) B(G) is the maximal norntal2’-subgroup of G. 
If 9X(G) is contained in Co(d) then (2.k) and (2.g) imply %R(G) = Z(G). 
Hence 
(2.m) If X@(G) C Co(d) then B(G) = S,f,o . 
Because of (2.g) and (2.h), we get 
(2.n) {K) n G is 2’-closed. 
3. MINIMAL NONSOLVABLE f-GROUPS 
We assume in this section that G satisfies 
Hypothesis 3.1. G admits a fixed-point-free automorphism f of order 2p 
such that 
(a) G = G’ is a minimal normal subgroup of H = G( f}. 
(b) If A is a f-subgroup of G then A is solvable or A = G. 
Remark 3.2. If G is a nonsolvable group of minimal order admitting a 
fixed-point-free automorphism of order 2p and having a group theoretical 
property which is inherited in forming subgroups and factorgroups it is 
easy to see that G satisfies Hypothesis 3.1. 
We prove several properties of G. 
Notations. We use the notations introduced in Section 2. Let u be the 
set of odd primes dividing / Co(d) I; 1 e a, be the set of (odd) primes dividing t 
) Co(k) I. Set p = 0’ n or and p1 = D n (q)‘. Let U be the maximal subgroup 
of the (nilpotent group) Cc(d) of odd order. Let .F be the set of maximal 
subsets of D generating a 2-group. Set S = S,,o and M = ‘%X(No(S)), 
V = II)(No(M)). 
LEMMA 3.3. The following statements hold: 
(3.a) If T is an element of F then T is contained in exactly one 2-Sylow 
subgroup Q of H and T = tQ for t E T. 
(3.b) Different elements of .F have no element of D in common. 
(3.~) M >{ds} n G # 1. 
(3.d) V>_ U # 1. 
(3.e) a, is nilpotent. 
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Proof. If {ds} n G = 1 then SC Co(d). Then G is solvable by [2, 
Theorem 1 (I)] which is impossible. If U = 1 then Co(d) is a 2-group. Then 
G is solvable by [2, Theorem 1 (II)]. Let Q be the 2-Sylow f-subgroup of 
No(U). Then Q # 1 since C,(d) is not trivial. (2.f) implies Q C Co(U). 
Hence No(Q) 2 U. Another application of (2.f) shows Q = S C Co(U) and 
co is nilpotent. Let T be an element of F containing d. Let e be an element 
of T which commutes with d. Then e centralizes the nilpotent group 
CdW} = cG,d,(d)* 
Therefore e is contained in No(U). Because of (2.d), e is contained in ds 
since d and e are conjugate in Na( U). Let t be an element of T. We want to 
show that t is contained in ds by induction on 1 {t, d} I. Since {d(t*dj) is a 
proper subgroup of the 2-group (d, t> we can assume 
d{d.“) C dS - . 
Hence d{‘st} is contained in C,(U) and S contains an element w with dt = 
dw # d. Hence tw-l centralizes d. Since go is nilpotent t centralizes U. Hence 
t and d are conjugate in Ntt( U). Because of (2.d), t is contained in ds . Hence 
T = ds. Since d is contained in exactly one 2-Sylow subgroup of N,(U) 
by (2.e) we have shown (3.a), (3.b) and (3.e). 
Then U is contained in No(M). Hence (3.~) and (3.d) are consequences 
of (2.b) and (2.g). 
DEFINITION 3.4. Let A be a subgroup of G. Then A if of type I if 
(i) Aisa2-group,A#l; 
(ii) G contains a f-subgroup B such that A = m(B). 
Let 7 be a non-empty set of primes dividing 1 G (. A subgroup A of type I 
is of type D(T) if N,(A) contains a Y-Sylow subgroup of C,(K) for each prime 
Y in T. A subgroup A of type 11(~) is of type 111(r) if C,(R) n b(N,(A)) 
is a 7’-group. 
DRFINITION 3.5. Let A be a subgroup of type I. We dejine A: Set 
A, = A and A, = m(N,(A,)), i = 0, l,... . 
Then N,(A,) is contained in N,(A,) by definition of %Q(N,(A,)). Let B 
be a f-subgroup of G such that A = m(B). Then (2.j) implies 1 # Z(B) = 
Ts . Set 
6 = s,, , %.I = &.N&,) , i = 0, 1,2 ,... . 
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Then S, C S,,.i . Set 
To = W), Ti+l = W,(4)). i = 0, 1, 2 ,... . 
Then (2.d) implies 
1 #T,CT,C.,.T,cT,,c.... 
Because of (2.j), we get for N = N,(A,) 
Ai+1 = 9Jl(N,(A,)) = ((Ti+l)N~(%+d} 2 ((Ti)NN(sitl)} 2 (( Ti)N~(%)}, 
by (2.i). Since B normalizes A and A, we get 
A C {(T,,)N~(s~)} C {(To)N~G~~,~~%~}. 
For i # 0, N,(A,-J C NG(Ai) implies 
A,,, 2 ((Ti)N~C~~,-,)W} = Ai . 
Hence 
A,CA,C .a-CA,CA,+,C-. 
Since G is finite there is an integer m such that A,,, = A,,, . Set A = A,,, . 
LEMMA 3.6. If A is of type I then A C M and 23(N,(A)) 2 V. 
Proof. Let A be a maximal subgroup of type I which is not contained 
in M. The definition of A shows A = A. Set S, = S,,,oca, . Then (2.j) 
implies 
Hence (2.d) and (2.j) imply 
A c ~m(~G(s,)>. 
Since !IR(iVc(So)) is of type I the maximality of A implies 
A = m(NG(sO)). 
Hence Nc(Sa) is contained in NC(A) and S = Sa . But M = !UI(IVG(S)) 
implies A = 44. Therefore A Z M. Since I’ centralizes M Lemma 3.6 is a 
consequence of the definition of D(iVG(A)). 
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LEMMA 3.7. If A is of type I and if B # 1 is a f-subgroup of B(NG(A)) 
such that 
then A C !?Jl(No(B)). 
Proof. Set R = S2,No(A, . The hypothesis implies that B is normalized 
by R since A centralizes B. Because of (2.j), 
A -c{({dR} n G)N’R’}, for N(R) = NNG~R). 
Since %(N,(A)) centralizes A the hypothesis implies 
A C{({dR} n G)N’B)) (for N(B) = NNGtA)(B)) 
C{({dR} n G)N~(B)}. 
. . 
Smce R IS contamed m Sa,,,o(s) , Lemma 3.7 is true. 
LEMMA 3.8. If A is a subgroup of type I then %(No(A)) contains a p,-Hall 
subgroup of G. 
Proof. Because of Lemma ,3.6, it is sufficient to show that V contains 
a p,-Hall subgroup of G. Let r be a prime in pr . The definition of pr and 
Lemma 1.3 (or [2, Lemma 3.31) yield that U contains a non-trivial r-sub- 
group. Let R = S,,, . Then R # 1 by (3.d) and No(R) 1 S. Hence (3.c), 
(2.d) and (2.j) imply 
M = 1111(No(R)). 
Therefore No(R) C No(M). Because of the definition of pr and (2.g), 
R = Sr,No(M,. Hence R = ST*, . 
LEMMA 3.9. Assume that G contains a subgroup A of type I such that 
1 # C,(k) n WG(A)) = C, and C,(d) # A. Then !JJl(N,(C)) is of type 
zl(4. 
Proof. Because of the definition of %(No(A)), we get A _C Co(C). Hence 
(2.j) implies 
1 # %Jl(N,(C)) = W. 
Since C,(k) is Abelian 
Cc(k) C NG(C) C NG( W). 
Hence W is of type II(q). 
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LEMMA 3.10. Zf A is of type II(q) then A is of type II(q). 
Proof. Definitions 3.4 and 3.5 imply Co(k) c No(A) and 
A C !JX(N,(A)) = A, . 
Since N,(A) is contained in No(A,) we get that A, is of type II(q). Hence 
A is of type ZZ(ur) by definition of A. 
LEMMA 3.11. Assume P, # 7 C p. Then G contains no subgroup of type 
ZZZ(T). 
Proof. Let Y be a prime contained in 7. If A is a subgroup of type III(T) 
then A is of type III(r). Set R = S,,, . Since r is contained in (I’ we get 
C,(d) = 1. The Lemma of Burnside [5, p. 1691 implies that C,(R) # No(R). 
Since R is Abelian No(R) contains a q-Sylow f-subgroup QO which is not 
contained in C,(R). 
Assume q # 2. Set Q = Coo(d). Then Q is not contained in Co(R) since 
Co(R) contains each element w of NoO(R) such that dwd = w-l. Set C = 
C,(K) and let A be of type III(r). Then W = II)(No(A)) contains Q and N,(A) 
contains C. From C n W = 1 we get R n WC Co(Q). Let Qr be the q- 
Sylow f-subgroup of NNC&R n W). Then (R n W)Q1 is normalized by C 
since (R n W)(Q1 n W) is normalized by C and since No(A)/WA has an 
abelian 2’-Hall subgroup by (2.g). Since Q is contained in Q1 we get 
{Q”}L(Rn W)Q = (Rn W)OQ. 
Hence Q is normalized by C. From NR(Q) = C,(Q) we get that CQ is nil- 
potent. Now we get a contradiction from Lemma 1.3. 
Hence q = 2 and No(R)/&(R) is a 2-group. We can assume that A is 
a maximal subgroup of type III(r). Let S, be the 2-Sylow f-subgroup of 
N,(A). Because of (2.j) and (2.k), A . IS contained in %R(No(Ss)). (2-g) implies 
for %J = b(No(A)) 
Since A is of type III(r), C = C,(k) . 1s contained in No(S,,). Hence W(Nc(S,)) 
is of type II(Y). Since A is contained in ‘!U(No(S,)) we get C n B(N&S,)) = 
1. Hence M(‘Ro(S,,)) is of type III(r). The maximality of A implies A = 
!UI(No(S,,)) and S = S, . Let B be the 2-Sylow f-subgroup of No(R). Then 
B is contained in S. Hence 
{BC} LZ N,(R) = B 
and B centralizes C. Hence Lemma 1.3 leads to a contradiction. 
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LEMMA 3.12. G contains a p-Hall f-subgroup W and {W, C&)) conbins 
a normal p-complement. 
Proof. C,(k) is Abelian. Let IV, be the p-Hall subgroup of C,(R). Because 
of Lemma 1.3, W,, is not trivial if p is not empty. Let W be the p-Hall f- 
subgroup of NG( W,). Because of C&d) = 1 we get that W is Abelian. Let 
r be a prime contained in p. Then Sr,co~k~ # 1. Hence S,,o Z No(S,,c,&. 
Since N,(C,(K)) is solvable W is the p-Hall f-subgroup of G. 
Set B = {W, Co(k)}. Let R be the r-Sylow subgroup of W for t up. 
Then C, = C,(k) C Z(B). L emma 1.3 implies N,(R) = C,(R). Therefore 
the Lemma of Burnside implies that B has normal r-complements B, for 
each prime Y in p. 
LEMMA 3.13. Let q be a prime contained in a. If S,.o is Abelian S,,o _C 
N,(M). 
Proof. Set Q = S,,,o . Since Q n U is not trivial (3.d) implies Qa = Q n 
V# 1. Then 
NGW) = ~NN~cM)(Qo)~ 
Hence Lemma 3.7 and Lemma 3.6 imply 
N,(M) = ~NG@,) 12 8. 
4. PROOF OF THE THEORRM 
We assume that G is a nonsolvable group of minimal order admitting 
a fixed-point-free automorphism f of order 2p such that the q-Sylow subgroups 
of G are abelian for each odd prime q dividing ) Cocf”) I. We use the notations 
introduced in the preceding sections. 
(4.1) G satisJiRF Hypothesis 3.1. 
Proof. If A is a proper f-subgroup of G then C,(d) C Co(d); hence (b) 
is a consequence of the minimality of G. Let N be a minimal normal f- 
subgroup of G. If N # G the minimality of G implies that N is solvable. 
Hence N is a q-group. Lemma 1 .l and the minimality of G imply q = 2. 
Let A be the f-subgroup of G such that A has odd order and AN/N is the 
2’-Hall subgroup of CG&dN/N). Then A C C,(d). Therefore G/N satisfies 
the hypothesis of the Theorem. The minimality of G implies that G satisfies 
Hypothesis 3.1. 
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(4.2) N,(M) contains a a-Hall subgroup of G and a PI-Hall subgroup of G; 
in addition G = N,(M) W for the p-Hall f-subgroup W of G. 
Proof. Because of Lemma 3.13, N,(M) contains a o-Hall subgroup of G. 
Because of Lemma 3.8, NQ(M) contains a p,-Hall subgroup of G. The de- 
finition of M implies S C N,(M). Therefore the prime divisors of [G : N,(M)] 
are contained in p. Since G contains a p-Hall subgroup by Lemma 3.12, 
we get G = N,(M) W. 
(4.3) V is a p’-group. 
Proof. Let q be a prime in p and assume Q = Se,” # 1. Then Q C W. 
Since W’ = 1 by Lemma 3.12, WC Nc(Q). Since Q is a q-Sylow subgroup 
of v 
NGW = VNNGLW(Q) * 
Hence N&Q) C N,(M) by Lemma 3.7. 
(4.4) If q E P then &,cGmj $ N,(M). 
Proof. Set Q = Sq,cGck, . If Q is contained in N,(M) then M is of type 
II(q). Because of (4.3), M is of type III(q). Therefore Lemma 3.11 implies 
(4.4). 
(4.5) G(k) # 1. 
Proof. Assume C,(K) = 1. Then k operates fixed-point-free on VS and 
VS is nilpotent. 
Let N be the 2’-Hall f-subgroup of B = {W, Cc(k)}. Since B is a proper 
subgroup of G by Lemma 3.12, N is well defined. If N’ = 1 then G = (VS)N 
by (2.g). Hence G is the product of two nilpotent groups and therefore 
solvable by a theorem of 0. H. Kegel [3]. 
Therefore C,(d) # 1. Let Q be a q-Sylow f-subgroup of N such that 
C,(d) # 1. Because of Lemma 3.12, NG(Q) > W. From Co(d) # 1 we get 
q # p. Hence Q’ = 1 implies 
NG({~~I n Q) 2 QGW 
Since CQ(d) # 1 we get from (2.g) 
1 # {kQ> n Q C V. 
Set A = 9JI(NG({kQ} n 8)). Th en A # 1 since S normalizes {kQ} n Q. 
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Since NG({KQ} n Q) C N&4) we get that A is of type II@) and No(A) 
contains S. Since A is not of type III(p) by Lemma 3.11, 
E = W n ?B(N&4)) # 1. 
Since E is a p-Hall subgroup of %(N,(A)) we get that N,(E) contains S 
and W. Since F’S is nilpotent (2.i) implies Arc(M) = No(S). Therefore 
So = SW. Hence E is normal in G. This contradiction proves (4.5). 
(4.6) G contuim a subgroup of type II( 
Proof. Because of (4.5), 
c = C”(K) # 1. 
Therefore Lemma 3.9 implies that m(No(C)) is of type II(q) or d centralizes 
M. 
Assume M c Co(d). Then M = z(No(S)) by (2.m) and different elements 
of ds commute. Let e # d be an element of ds . Then 
C~(~Gdd) = Ca(NGde)’ 
Since s)(N,(C)) has odd order it is centralized by de. If %%(No(c)) is not of 
type II(q) then %R(Nc(C)) = 1. Hence 
s(NG(c)) = ‘%‘.NGV3 
and M centralizes cc(k). Because of (4.4) we get a contradiction which 
proves (4.6). 
Now we can finish the proof of the Theorem. Let A be a subgroup of 
type II(q). Since p is a subset of ai , A is of type II(p). Because of Lemma 3.11 
B = %(N,(A)) n W # 1. 
Since B is a p-Hall subgroup of B(IVG(A)) we get 
NC(A) = WNG(A))NNG(A)(B)* 
Lemma 3.7 implies 
1 # A c m(N‘-(B)) = x. 
Therefore No(X) contains W and V by Lemma 3.6. Because of (4.2), 
VG = VW c iv,(X). 
This contradiction proves the Theorem. 
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